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ABSTRACT
We report the first direct spectroscopic measurement of the velocity dispersion
function (VDF) for the high-mass red sequence (RS) galaxy population at redshift
z ∼ 0.55. We achieve high precision by using a sample of 600,000 massive galaxies with
spectra from the Baryon Oscillation Spectroscopic Survey (BOSS) of the third Sloan
Digital Sky Survey (SDSS-III), covering stellar masses M∗ & 10
11 M⊙. We determine
the VDF by projecting the joint probability-density function (PDF) of luminosity L
and velocity dispersion σ, i.e. p(L, σ), defined by our previous measurements of the
RS luminosity function and L− σ relation for this sample. These measurements were
corrected from red–blue galaxy population confusion, photometric blurring, incom-
pleteness and selection effects within a forward-modeling framework that furthermore
correctly accommodates the low spectroscopic signal-to-noise ratio of individual BOSS
spectra. Our z ∼ 0.55 RS VDF is in overall agreement with the z ∼ 0 early-type galaxy
(ETG) VDF at log
10
σ & 2.47, however the number density of z = 0.55 RS galaxies
that we report is larger than that of z = 0 ETG galaxies at 2.35 & log
10
σ & 2.47.
The extrapolation of an intermediate-mass L-σ relation towards the high-mass end
in previous low-z works may be responsible for this disagreement. Evolutionary inter-
pretation of this comparison is also subject to differences in the way the respective
samples are selected; these differences can be mitigated in future work by analyzing
z = 0 SDSS data using the same framework presented in this paper. We also provide
the sample PDF for the RS population (i.e. uncorrected for incompleteness), which is
a key ingredient for gravitational lensing analyses using BOSS.
Key words: surveys - galaxies: evolution - galaxies: statistics - methods: analytical
- methods: statistical
1 INTRODUCTION
The Baryon Oscillation Spectroscopic Survey (BOSS,
Schlegel et al. 2009; Dawson et al. 2013) of the SDSS-III
(Eisenstein et al. 2011) is the largest dark-energy (DE) ex-
periment to date. With the aim of understanding the nature
of the DE that drives the present-day accelerated expan-
sion of the Universe, BOSS has collected a massive sam-
ple of ∼ 1.5 million galaxies, most of them Luminous Red
Galaxies (LRGs). This sample is used to map the large-scale
structure (LSS) of the Universe with significant accuracy, in
order to measure the Baryon Acoustic Oscillations (BAO)
⋆ E-mail: amontero@astro.utah.edu
from which cosmological constraints are derived (see, e.g.,
Anderson et al. 2014, Aubourg et al. 2015). In addition to
its cosmological value, a sample of such size can be used to
study the evolution of the properties of massive galaxies (see,
e.g., Shu et al. 2012; Tojeiro et al. 2012; Maraston et al.
2013; Beifiori et al. 2014; Montero-Dorta et al. 2016a,b;
Bernardi et al. 2016).
BOSS provides unprecedented statistical coverage of
massive galaxies by surveying a huge volume of the Universe;
however, this coverage is achieved at the expense of non-
trivial colour–magnitude selection cuts and relatively low
spectroscopic signal-to-noise (S/N), which together present
significant challenges to the application of the sample to
the study of galaxy evolution. The majority of DE surveys
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work in this low-S/N, large-N regime. Low S/N spectra and
higher redshift implies larger photometric errors that distort
the distribution of photometric observables and hinder our
ability to distinguish between the intrinsically red and blue
galaxy populations. In Montero-Dorta et al. (2016a) (here-
after, MD16A) and Montero-Dorta et al. (2016b) (MD16B),
we present a forward-modeling framework based on Bayesian
inference that is suitable for the study of the main prop-
erties of BOSS galaxies. We have successfully applied this
method to the deconvolution of both photometric (MD16A)
and spectroscopic (MD16B) properties of the high-mass red
sequence (RS) galaxy population at z ∼ 0.55, from the ef-
fects of selection, photometric errors and low S/N data.
The aforementioned methodology allows us to charac-
terize incompleteness in the BOSS CMASS sample, which
provides photometric and spectroscopic information for
more than 1 million massive galaxies in the redshift range
0.4 < z < 0.7 (CMASS stands for “Constant MASS”). More
importantly, it allows us to model the latent parameters of
the high-mass RS galaxy population. We have shown that
the RS galaxy population forms an extremely compact dis-
tribution in the optical colour-colour plane (consistent with
a delta function for a given magnitude and redshift bin, see
MD16A). In addition, the high-mass RS appears to evolve
passively (or very close), as inferred from the evolution of the
RS luminosity function (RS LF, see MD16A). In MD16B,
we also show that scaling relations, i.e. the L-σ relation, for
the high mass RS are very different from what it was mea-
sured from their intermediate-mass counterparts, showing a
significantly steeper slope and smaller scatter. In the present
work, we complement this picture by measuring the RS ve-
locity dispersion function (VDF) at z ∼ 0.55. The VDF is
defined as the number density of galaxies per logarithmic
decade of the stellar velocity dispersion σ.
The stellar velocity dispersion is a fundamental quan-
tity in the study of early-type galaxies (ETGs), since it is
tightly connected to their total mass and carries information
about the physical processes that shape their evolution. The
stellar velocity dispersion is one of the 3 physical properties
that constitute the so-called fundamental plane of ETGs,
along with the effective radius and the surface brightness
(Djorgovski & Davis 1987, Dressler et al. 1987). As a statis-
tical property of the galaxy population, the VDF has the
advantage, as compared to the LF or the stellar mass func-
tion (SMF), in that it is completely independent of stellar
population synthesis models (i.e., k+e corrections). The lack
of adequate high-z spectroscopic samples has hindered, how-
ever, the use of the VDF as a galaxy-evolution probe.
At low redshifts, the VDF has been directly mea-
sured using massive spectroscopic surveys like the SDSS-
I (Sheth et al. 2003; Mitchell et al. 2005; Choi et al. 2007;
Chae 2010), which mostly cover the intermediate-mass
range. At higher redshifts, direct kinematic measurements
have not been reported, due to a combination of selection
effects, low S/N spectra and/or small footprint. Estimates
for the high-z VDF have only been inferred indirectly from
other observational proxies such as strong-lensing statis-
tics (Chae 2010) or using photometric predictions based on
low-z relations (Bezanson et al. 2011). The predictions from
Bezanson et al. (2011) suggest that the VDF at z = 0.5 may
be very similar to the VDF at z = 0. At higher redshifts,
however, their results suggest a decrease in the number den-
sity of low-σ galaxies, while the number density of high-σ
galaxies remains constant or increases. These predictions are
in some tension with the strong-lensing-constrained results
from Chae (2010), who claims that the VDF remains fairly
constant at the low-dispersion end (log10 σ < 2.3), but the
number of higher-σ galaxies decreases with redshift.
The direct kinematic measurement that we provide
in this paper at z = 0.55 is therefore the first measure-
ment of this kind at z & 0.2. In addition to its value
as a means of characterizing the galaxy population and
its evolution, the VDF can be used to study the connex-
ion between galaxies and haloes. Instead of the LF or the
SMF, the VDF can be used as an input for halo abun-
dance matching models (HAMs: e.g., Vale & Ostriker 2004;
Trujillo-Gomez et al. 2011) or halo occupation distributions
(HOD: e.g., Berlind & Weinberg 2002; Zehavi et al. 2005),
in combination with N-body cosmological simulations (see
an example in Chae 2010). In fact, Wake et al. (2012) show
that the velocity dispersion is more closely related to the
clustering amplitude of galaxies than either stellar or dy-
namical mass.
The VDF is also a key ingredient for statistical compu-
tations of the incidence of strong gravitational lensing (see,
e.g., Wambsganss 1998; Bartelmann 2010; Treu 2010, for a
comprehensive reviews on strong gravitational lensing). The
VDF translates directly into the integrated cross section for
strong lensing to a given redshift within a given cosmol-
ogy (see, e.g. Turner et al. 1984; Mitchell et al. 2005). This
cross section can in turn be used to predict the incidence of
strong lenses for a given source population, or to infer cos-
mological parameters or lens mass-distribution parameters
from the statistics of an observational strong-lens sample
(see, e.g., Chae et al. 2002; Chae 2003; Browne et al. 2003;
Mitchell et al. 2005, using the Cosmic Lens All-Sky Sur-
vey, CLASS, Myers et al. 1995; Browne et al. 2003). The
VDF can also be combined with observations of weak
gravitational lensing (see Bartelmann & Schneider 2001;
Refregier 2003; Hoekstra & Jain 2008 for comprehensive re-
views on weak gravitational lensing) on larger projected
length scales to constrain statistical models for the occu-
pation of galaxies within dark-matter halos and the cosmo-
logical parameters (Sheldon et al. 2004; Mandelbaum et al.
2013; Miyatake et al. 2015; More et al. 2015).
This paper is organized as follows. The data used in
our analysis is briefly described in Section 2. In section 3,
we describe the method employed to compute the VDF and
we provide a brief summary of our previous results on the
RS LF (MD16A) and L-σ relation (MD16B) (3.1). In Sec-
tion 4, we present the main results of our analysis, including
the z = 0.55 RS VDF (4.1), a comparison with previous
VDF measurements (4.2) and the sample PDF for the RS
(4.3). Finally, in Section 5 we summarize the main conclu-
sions of our work and discuss some applications of our re-
sults. Throughout this paper we adopt a cosmology with
ΩM = 0.274, ΩΛ = 0.726 and H0 = 100h km s
−1 Mpc−1
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with h = 0.70 (WMAP7, Komatsu et al. 2011), and use AB
magnitudes (Oke & Gunn 1983).
2 THE DATA
In this work, we combine LF results from MD16A and L-σ
relation results from MD16B to compute the high-mass VDF
at z ∼ 0.55. These previous results are obtained using both
spectroscopic and photometric data from the Tenth Data
Release of the SDSS (DR10, Ahn et al. 2014). The DR10 is
also the third data release of the SDSS-III program and the
second release that includes BOSS data.
The spectroscopic DR10 BOSS sample contains a to-
tal of 927, 844 galaxy spectra and 535, 995 quasar spectra.
The baseline imaging sample for the DR10 is the final SDSS
imaging data set, which contains, not only the new SDSS-
III imaging, but also the previous SDSS-I and II imaging
data (this imagining data set was released as part of the
DR8, see Aihara et al. 2011). The imagining programs pro-
vide five-band ugriz imaging over 7600 sq deg in the North-
ern Galactic Hemisphere and ∼ 3100 sq deg in the Southern
Galactic Hemisphere. The 50% completeness limit for de-
tection of point sources corresponds to a typical magnitude
of r = 22.5. Comprehensive information about technical as-
pects of the SDSS survey can be found in the following pa-
pers: Fukugita et al. (1996) describes the SDSS ugriz pho-
tometric system; Gunn et al. (1998) and Gunn et al. (2006)
describe the SDSS camera and the SDSS telescope, re-
spectively; Smee et al. (2013) provides detailed information
about the SDSS/BOSS spectrographs.
As in both MD16A and MD16B, we restrict our analysis
to the CMASS spectroscopic sample of the BOSS spectro-
scopic catalog. The CMASS sample is mostly comprised by
LRGs and covers a nominal redshift range 0.43 < z < 0.70
(the mean redshift is 0.532). The stellar masses for the
red population, as measured by Maraston et al. (2013), are
M∗ & 10
11M⊙, peaking at M∗ ≃ 1011.3M⊙, assuming a
Kroupa initial stellar mass function (Kroupa 2001). The to-
tal number of unique CMASS galaxies with a good redshift
estimate and with model and cmodel apparent magnitudes
and photometric errors in all g,r and i bands in the cat-
alog is 549,005. For more information on the BOSS selec-
tion refer to Eisenstein et al. (2011), Dawson et al. (2013)
and Reid et al. (2016). A brief summary is also provided
in MD16A and MD16B. For a complete discussion on the
selection effects affecting the CMASS data, see MD16A.
One of the key ingredients in the L-σ relation study
presented in MD16B is the likelihood function of the central
stellar velocity dispersion for each galaxy. The method for
determining this likelihood function is described in detail in
Shu et al. (2012)1. In essence, for every galaxy in the BOSS
samples, the line-of-sight stellar velocity dispersion within
the central circular region of radius 1 arcsec is measured
spectroscopically by fitting a linear combination of broad-
ened stellar eigenspectra to the observed galaxy spectrum
1 See Thomas et al. (2013) for a complete discussion on the dif-
ferent stellar velocity dispersion estimates available in BOSS.
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Figure 1. The 0.55i-band RS LF derived from the BOSS CMASS
sample as presented in MD16A. The solid line shows our fiducial
model at z = 0.55. The shaded regions around this line represent
the uncertainty in the determination of the LF, where both the
statistical and the systematic errors are taken into account. The
dashed line shows, for reference, the RS LF at z = 0.65 (no evolu-
tion correction has been applied). The vertical line indicates the
50%-completeness limit of the sample; the shaded region around
this line shows the 2% and 98% completeness limits, respectively.
An “observed” RS LF is provided in dots in order to illustrate the
effect of the red–blue deconvolution and the completeness correc-
tion. This observed red LF has been computed from an object-by-
object standpoint by applying a simple colour cut (g − i) > 2.35
to isolate the red galaxy population in observed space.
(note that the typical seeing for BOSS is 1.5 arcsec). Subse-
quently, the χ2 of the fit as a function of the trial velocity
dispersion is converted into the likelihood function of veloc-
ity dispersion given the observational data.
As discussed in MD16B, due to the low S/N of the
BOSS spectra, the velocity-dispersion likelihood functions
are not sufficiently Gaussian to permit unbiased point esti-
mates and simple error bars for the stellar velocity disper-
sion on a galaxy-by-galaxy basis. As a reference, however,
the distribution of the best-fit central velocity dispersion for
the CMASS sample (as inferred from the likelihood func-
tions) is centered around log10 σ ≃ 2.35, or 220 km/s, and
∆ log10 σ ≃ 0.06 dex, or 30 km/s. More than two-thirds of
the subsample have velocity dispersions between 120 km/s
and 300 km/s with 20− 50 km/s uncertainties.
3 COMPUTATION OF THE VDF
The VDF, which we will denote by Φ(σ), is defined as the
(intrinsic) number density of objects per unit stellar velocity
dispersion. Namely:
dN = Φ(σ) dσdV (1)
c© 0000 RAS, MNRAS 000, 000–000
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Figure 2. The < log10 σ > - i-band apparent magnitude relation
at z = 0.55 derived from the BOSS CMASS sample for the RS
(red line) as presented in MD16B. Uncertainties are represented
by shaded regions. The dashed line shows, for reference, an ad
hoc RS relation where the slope γ is assumed to be equal to the
canonical value of 4 (the shape and zero-point of this relation are
kept unchanged). The vertical line represent the intrinsic scatter
in log10 σ, measured for the RS.
where dN is the total number of objects within the range
[σ, σ + dσ] and comoving volume element dV .
Since the BOSS CMASS sample is selected in colour-
magnitude space with a non-trivial selection function, we
cannot work exclusively in velocity-dispersion space if we
wish to derive the intrinsic Φ(σ) corrected for incomplete-
ness. Instead, we need to work in L−σ space and make used
of the previously measured LF (MD16A) and L−σ relation
(MD16B).
In statistics terminology, Φ(σ) is closely related to the
marginal probability distribution for σ, p(σ) . The only dif-
ference is that Φ(σ) is normalized per unit volume, while
p(σ) is normalized by number. The marginal probability dis-
tribution p(σ) can be obtained by projecting the joint PDF
of L and σ, i.e., p(L,σ). Since p(L, σ) = p(σ|L)× p(L), p(σ)
can be obtained by computing the following integral over L:
p(σ) =
∫
dLp(L) p(σ|L) (2)
where p(L) is the marginal probability distribution for L,
p(L), and p(σ|L) is the conditional probability distribution
of σ given L. It can be easily shown that Φ(σ) can be derived
in a similar way, namely:
Φ(σ) =
∫
dLφ(L) p(σ|L) (3)
where φ(L) is the LF, i.e the marginal probability distribu-
tion normalized per unit volume. Since p(σ|L) encodes the
L− σ relation, we have arrived at an expression entirely in
terms of quantities that we have previously measured.
In practice, it is convenient to work in absolute mag-
nitude M - log10 σ space. In this context, Φ(log10 σ) can
be obtained from φ(M) and p(log10 σ|M). The LF is often
parametrized in magnitude space as a Schechter Function
(Schechter 1976) of the form:
φ(M, {φ∗,M∗, α}) = 0.4 log(10)φ∗
[
100.4(M−M∗)(α+1)
]
×
exp
(
−100.4(M−M∗)
)
(4)
where φ∗,M∗, α are the 3 Schechter parameters that describe
the normalization, characteristic magnitude and faint-end
slope of the LF, respectively.
Motivated by results from Bernardi et al. (2003b), the
conditional PDF p(log10 σ|M) can be approximated by a
Gaussian PDF in log10 σ with mean < log10 σ > and intrin-
sic scatter s, of the form:
P (log10 σ|M) =
1√
2pis
exp
[−(log10 σ− < log10 σ >)2
2s2
]
(5)
where the dependence on magnitude enters through <
log10 σ >. The mean velocity dispersion depends on the
luminosity of the galaxy as σ ∝ L1/γ (or log10 σ ∝
[−0.4/γ] M). We generically refer to this relation as the L-σ
relation (Minkowski 1962). The special case where γ = 4 is
called the Faber-Jackson relation (Faber & Jackson 1976).
3.1 The high-mass RS at z ∼ 0.55 from BOSS: LF
and L-σ relation.
In MD16A, the intrinsic RS colour-colour-magnitude distri-
bution in the CMASS sample is deconvolved from photo-
metric errors, selection effects and red–blue galaxy popula-
tion confusion using forward-modeling techniques, within a
hierarchical Bayesian framework. This intrinsic distribution
model forms the basis of the LF and L-σ relation presented
in MD16A and MD16B, respectively. Our modeling is based
on a phenomenological approach, intended to describe the
bimodality found in the colour-colour plane, thus we avoid
making use of previous assumptions about “blue” or “red”
galaxies or stellar population synthesis models. As a brief
summary, the two components of the intrinsic model present
the following general characteristics:
• Red Sequence (RS): The RS is so narrow that is consis-
tent, within the errors, at fixed magnitude and for a narrow
redshift slice, with a delta function in the colour-colour plane
(width < 0.05 mag), with only a shallow colour-magnitude
relation shifting the location of this point.
• Blue Cloud (BC): The BC is defined as a background
distribution that contains everything not belonging to the
RS and is well described by a more extended 2-D Gaussian
in the colour-colour plane. The RS is superimposed upon
the BC, since the latter extends through the red side of the
colour-colour plane. Our BC is a spectroscopically and pho-
tometrically heterogeneous population that can be clearly
c© 0000 RAS, MNRAS 000, 000–000
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Figure 3. The high-mass end of the RS VDF as measured from the BOSS CMASS sample in six redshift slices around z = 0.55. The solid
line in each panel shows the RS VDF at the corresponding redshift, and the long-dashed line the best-fit modified Schechter Function
(see text). Best-fit parameters are also provided. The short-dashed line provides the VDF at the reference redshift z = 0.55. The vertical
line indicates the 50% completeness limit of the sample in velocity dispersion, σ50. Shaded regions indicate the 1-σ statistical uncertainty.
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distinguished from the RS in intrinsic space, but not neces-
sarily restricted to a population of “blue” or “young” galax-
ies 2.
In this paper, we restrict our computation of the VDF to
the RS, since the BC is severely incomplete in the CMASS
sample (see MD06A). The first element needed in Equa-
tion 3, the RS LF, is derived in MD16A from the intrin-
sic RS colour-colour-magnitude distribution. The RS LF
at z = 0.55 in the 0.55i band (the i band K-corrected to
z = 0.55) is presented in Figure 1 (the z = 0.65 RS LF is
also shown for reference). The CMASS sample maps with
unprecedented precision the very-bright end of the RS; the
vertical line in Figure 1 represents the 50%-completeness
limit in the sample, i.e. 0.55Mi . −22.25 at z = 0.55. An
“observed” red LF obtained from the CMASS sample3 is
also shown in Figure 1, in order to illustrate the effect of the
photometric deconvolution on the determination of the RS
LF.
The following linear relations to the Schechter param-
eters describe the redshift evolution of the RS LF between
0.525 < z < 0.63:
Φ∗(z) = [(−0.189 ± 0.372) z + (0.834 ± 0.216)] × (6)
×10−3 Mpc−3 mag−1
0.55M∗(z) = (−1.943± 0.228) z + (−20.658 ± 0.132) (7)
Note that, although the CMASS expands a redshift range
0.4 . z . 0.7, in practice, as discussed in MD16A, the
computation of the LF had to be restricted to a narrower
redshift range, in order to minimize the effect of systematic
errors.
The second element needed to compute the VDF is the
RS L-σ relation, which enters Equation 5. The RS L-σ re-
lation at z ∼ 0.55 is derived from the CMASS sample in
MD16B using the PDSO method (i.e., Photometric Decon-
volution of Spectroscopic Observables). The PDSO method
allows us to extend the photometric deconvolution of the
intrinsic RS/BC galaxy distributions to luminosity-velocity
dispersion space. Our results indicate that the high-mass
RS L-σ relation at z ∼ 0.55 is significantly steeper than the
canonical relation found at lower mass ranges (a slope of
γ ≃ 8 instead of 4). The scatter in log10 σ is also at most
half the values that have been measured for intermediate
masses. This differences are relevant since previous direct
measurements of the VDF (all of them at low redshift) are
based on intermediate-mass samples such as the SDSS. Our
L-σ relation results are illustrated in Figure 2. We show, for
2 In this sense, the construction of our RS/BC model differs sig-
nificantly from the way the ETG SDSS samples are selected,
based on morphological properties (see Bernardi et al. 2003a as
an example).
3 By “observed” here we mean “not error-deconvolved”, “not
intrinsic”. The “observed” red LF has been computed from an
object-by-object standpoint by applying a simple colour cut
(g − i) > 2.35 (see MD16A) to isolate the red galaxy popula-
tion in observed space.
convenience, the < log10 σ > - i (apparent magnitude) rela-
tion at z = 0.55 for the RS, along with an ad hoc canonical
relation with the same shape and zero-point as the former
but a slope of γ = 4. It is important to emphasize again that
the red–blue deconvolution is performed using both photo-
metric and spectroscopic information.
The RS L-σ relation from BOSS is parametrized in
MD16B using the following expression:
< log10 σ >= c1 + 2.5 + c2(
0.55Mi + 23) (8)
where c1 corresponds to the zero point and c2 to the slope.
The redshift evolution of these parameters is found to be
well-described by the following linear relations:
c1(z) = 2.429 ± 0.007 + (0.023 ± 0.011) z (9)
c2(z) = −(0.033± 0.012) − (0.029 ± 0.021) z (10)
and the scatter in log10 σ measured for the distribution
shown in Equation 5 is s = 0.047 ± 0.004.
4 RESULTS
4.1 The high-mass end of the VDF at z ∼ 0.55
In Figure 3, we show the high-mass end of the RS VDF as
measured from the CMASS sample in 6 different redshift
bins from z = 0.525 to z = 0.65, where the bin size used
is ∆z = ±0.01. The integration in Equation 3 is performed
across the entire magnitude range [−∞,+∞]. This compu-
tation is only valid within the CMASS luminosity/range.
An extrapolation beyond this range would be break down
because both the LF and the L-σ relation are only com-
plete at the high-mass end. Also, note that the L-σ rela-
tion has a curved shape, so the same relation does not hold
for lower-mass ranges. The vertical line indicates the ap-
proximate 50%-σ-completeness threshold in the sample, σ50.
This threshold was computed directly transforming the 50%
absolute-magnitude completeness limit (MD16A) into a ve-
locity dispersion limit using the L-σ relation (MD16B). This
is an approximation that works well because the scatter in
the L-σ relation is very small. Only results above the blue
dashed line are fully reliable.
The errors shown for the VDF (shaded regions in Fig-
ure 3) correspond to the scatter measured with respect to
the best-fit linear relation as a function of redshift for each
number density considered. We have found that the uncer-
tainty in the L-σ relation is, by far, the largest contributor to
the total error budget of our VDF measurement. This con-
clusion is based on a Monte Carlo analysis where we measure
the scatter that propagates into the VDF when only the un-
certainties associated to either the LF or the L-σ relation are
considered. This scatter is ∼ 5 larger when only the errors
on the latter are taken into account (and the LF is assumed
to be noise-free). Note that the errors on these 2 statisti-
cal measurements are correlated, since the LF is used in the
determination of the L-σ relation.
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Φ∗ =(6.97±1.06)x10−3 Mpc−3
σ∗ = 118.86±12.4 km/s
α = 6.57±0.99
β = 2.37±0.14
Aperture-corrected, z=0.55
Raw, z=0.55
Figure 4. Aperture-corrected vs. raw high-mass RS VDF at z =
0.55. Shaded regions indicate the 1-σ statistical uncertainty. The
vertical line indicates the 50% completeness limit of the sample
in velocity dispersion, σ50. Best-fit parameters for the modified
Schechter Function are provided for the raw VDF.
The VDF is commonly parametrized since Sheth et al.
(2003) using a modified Schechter function of the form:
Φ(σ)dσ = Φ∗
(
σ
σ∗
)α
exp[(−σ/σ∗)β]
Γ(α/β)
β
dσ
σ
(11)
In each panel of Figure 3, we also show the best-fit
Schechter-like Function along with the best-fit parameters
for the high-mass RS VDF. The modified Schechter func-
tion provides a good description of the the high-mass RS
VDF, although it underestimates the extremely high-mass
end (this is also well-documented for the LF). Note that
the Schechter parameters are highly covariant and nearly
degenerate at the high-mass end, so caution must be exer-
cised when using them to quantify the evolution of the VDF
(see a thorough discussion on the related Schechter-LF is-
sue in MD16A). The Schechter-like parametrization that we
provide must be considered purely a mathematical descrip-
tion, not a basis from which to infer physically meaningful
parameters.
In order to provide a reference for the very-high-σ
galaxy population, we have estimated the abundance of
galaxies with σ > 400 km/s (i.e. log10 σ > 2.6). By inte-
grating the VDF, we find a number density of ∼ 7.5× 10−9
Mpc−3 at z = 0.55. This number density implies that just a
few hundred objects with such extreme velocity dispersions
may exist within the entire volume of the BOSS CMASS
sample (i.e. ∼ 7.8 Gpc3), if the uncertainty in the determi-
nation of the VDF is taken into account.
Figure 3 shows a slow evolution in the RS VDF within
the narrow redshift range considered. Such evolution, which
makes the RS VDF shift slightly towards higher σ as we
move to higher redshift (while the overall normalization re-
mains fairly constant), is not statistically significant, given
the uncertainties in the determination of the VDF. It is
worth noting, however, that the result that high-σ galaxies
are progressively more abundant at higher redshift, if con-
firmed, would be inconsistent with previous findings from
Chae 2010, who predicted the opposite trend.
The L-σ relation used to compute the RS VDF shown
in Figure 3 corresponds to the velocity dispersion averaged
within the effective radius, Re. In MD16B, we perform an
aperture correction (AC) in order to correct for the fact that
the angular size of the BOSS fibers (radius Raperture = 1 arc-
sec) probes progressively larger physical scales as we move to
higher redshift in the sample. The AC is also necessary be-
cause it facilitates comparison between independent results.
In MD16B, the following expression is used to relate the ob-
served velocity dispersion, σobs, and the velocity dispersion
averaged within Re, σ(< Re):
σobs/σ(< Re) = 0.98 (Re/Raperture)
0.048 (12)
Note that the < log10 σ > - apparent magnitude re-
lation is aperture-corrected a posteriori in MD16B using
Equation 12 and the < log10 Re > - apparent magnitude re-
lation. It is shown in MD16B that the effect on the zero-point
of the L-σ relation is very small (see Equation 26 in MD16B).
The AC has, conversely, a significant effect on the slope of
the L-σ relation in BOSS. The correction on the slope is
equal to the slope of the < log10 Re > - magnitude rela-
tion times the exponent 0.048 (see Equation 27 in MD16B).
As shown in Figure 2 from MD16B, the < log10 Re > -
magnitude relation is relatively steep, which implies a non-
negligible correction. This effect has an obvious physical in-
terpretation: brighter, and hence larger, galaxies must have
their velocity dispersions corrected by a different factor than
fainter, and hence smaller, galaxies, for a given fixed angular
aperture.
Since there is an unavoidable level of uncertainty asso-
ciated with the AC, it is useful to show the raw RS VDF 4.
This function is presented and compared with the aperture-
corrected RS VDF in Figure 4. Not surprisingly, given that
the aperture correction increases the slope of the L-σ re-
lation by 40%, the difference between these two functions
is significant, with the aperture-corrected VDF being above
the raw VDF for the majority of the σ range considered.
Note that, as mentioned above, the shape of the VDF is
more sensitive to changes in the L-σ relation than it is to
variations in the LF.
Finally, since the modified Schechter fit does not provide
a perfect description of the high-mass RS VDF, in Table 1
we provide the data points for the z = 0.55 VDF (aperture-
corrected and raw) within the range of interest.
4.2 The evolution of the VDF from z ∼ 0.55 to
z ∼ 0
In Figure 5, we compare the RS VDF at z = 0.55 with pub-
lished direct measurements of the low-redshift VDF (some
of which are based on the same data set as one another)
4 Note, also, that certain applications of the VDF may require
the raw VDF instead of the aperture-corrected VDF.
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Chae (2010), z=0.55
SDSS, Choi et al. (2007), z=0.1
SDSS, Chae (2010), z=0.1
SDSS Intrinsic, Sheth et al. (2003), z=0.1
SDSS Observed, Sheth et al. (2003), z=0.1
SDSS Intrinsic, Mitchell et al. (2005), z=0.1
SDSS Observed, Mitchell et al. (2005), z=0.1
UDS/Cosmos, Bezanson et al. (2011), z=[0.3,0.6]
Figure 5. Comparison of the high-mass RS VDF at z = 0.55 (both aperture-corrected and raw) with previous results. All z ∼ 0.1
SDSS-I results are direct spectroscopic measurements. The z ∼ 0.5 results from Bezanson et al. (2011) and Chae (2010) are indirect
measurements based on photometrically-derived predictions and strong-lensing statistics, respectively. The Chae (2010) z = 0.55 VDF
has been obtained by evaluating at the aforementioned redshift the parametric evolutionary model provided by the author. The vertical
line indicates the 50% completeness limit of the sample in velocity dispersion, σ50; the shaded region around this line shows the range
between completeness values of 2% and 98%, respectively. Shaded regions around the RS VDF indicate the 1-σ statistical uncertainty.
Shaded regions around the Chae (2010) z = 0.55 VDF correspond to the 68% confidence limit quoted by the author.
and predicted/inferred VDFs at z = 0.55, at the high-
mass end. With regard to z = 0.1 results, we show direct
measurements from Sheth et al. (2003) (both the observed
and the intrinsic VDF), Mitchell et al. (2005) (both the ob-
served and the intrinsic VDF), Choi et al. (2007) and Chae
(2010)5. All these measurements use SDSS data, although
they differ in the particular sample, selection or method
employed. Sheth et al. (2003) use the sample of ∼ 5000
ETGs selected by Bernardi et al. (2003a) from the SDSS
Early Data Release. The Mitchell et al. (2005) estimate is
essentially an update on this measurement using the subse-
quent 30,000-ETG sample of Bernardi et al. (2005), where
also some minor changes in the ETG selection are imple-
mented. Choi et al. (2007) develop their own ETG selection,
to be applied to a much bigger SDSS parent sample of more
than 300,000 galaxies. Finally, the measurement from Chae
(2010) is a modification of the VDF from Choi et al. (2007)
that employs a Monte Carlo method to correct for low-σ
incompleteness. In the remainder of this section, we address
the comparison with previous low-z and z = 0.55 results
separately.
5 The observed VDFs are the result of convolving the intrinsic
VDFs with measurement errors.
4.2.1 Previous direct measurements at z ∼ 0
The first thing to notice from Figure 5 is the significant scat-
ter found among different measurements of the low-redshift
(intrinsic) VDF at the high-σ end. This is not surprising,
since the SDSS covers mostly the low-to-intermediate mass
range and the measurements are dominated by these ranges.
Small differences in the sample selection or method em-
ployed will be especially noticeable at the high-mass end.
Within the scatter, our z = 0.55 RS VDF and the low-
z intrinsic VDFs converge to similar number densities at
the very high-mass end, i.e., log10 σ & 2.47. At lower ve-
locity dispersions, however, the z = 0.55 RS VDF progres-
sively separates from the low-z estimates, so that the num-
ber density of RS galaxies with log10 σ ∼ 2.40 − 2.45 (i.e.,
∼ log10 σ50) is higher at z = 0.55.
The comparison between the z = 0.55 RS VDF and the
z = 0.1 ETG VDFs is subject to the fact that the samples
have been selected according to different criteria. The low-z
results are obtained using a “traditional” morphologically-
selected ETG sample (see Bernardi et al. 2003a, 2005 and
Choi et al. 2007 for details). Our RS was identified from a
photometric-deconvolution procedure, completely based on
the phenomenology of the colour-colour plane. Despite the
reported discrepancies, the convergence found at high veloc-
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V = log10 σ log10 Φ(V ) (AC) log10 Φ(V ) (Raw)
2.35 −2.137± 0.084 −2.407± 0.082
2.37 −2.232± 0.081 −2.509± 0.079
2.39 −2.351± 0.076 −2.632± 0.074
2.41 −2.499± 0.070 −2.780± 0.069
2.43 −2.681± 0.062 −2.955± 0.063
2.45 −2.899± 0.056 −3.160± 0.059
2.47 −3.157± 0.057 −3.399± 0.060
2.49 −3.458± 0.069 −3.673± 0.069
2.51 −3.806± 0.093 −3.986± 0.087
2.53 −4.202± 0.126 −4.339± 0.113
2.55 −4.650± 0.168 −4.737± 0.147
2.57 −5.150± 0.217 −5.180± 0.187
2.59 −5.706± 0.272 −5.670± 0.233
2.61 −6.319± 0.335 −6.210± 0.285
2.63 −6.990± 0.404 −6.801± 0.343
2.65 −7.720± 0.480 −7.445± 0.408
Table 1. Data points at the high-mass end for both the aperture-
corrected and the raw RS VDF at z = 0.55.
ity dispersions is reassuring, given the different approaches
taken to define the low-z ETG population and the high-z
RS population, respectively.
Independently of methodological and selection differ-
ences, the z = 0.55 and z = 0 VDF disagreement at
“lower” velocity dispersions is not surprising in consider-
ation of the quantitative differences between the elements
from which the VDFs at high and low-z are computed. In
order to illustrate this, we start by focusing on the LF. In
Figure 6, we compare the RS LF at z = 0.55 with the SDSS
Main Galaxy Sample (MGS) LF of Blanton et al. (2003) and
Montero-Dorta & Prada (2009) and with the SDSS ETG LF
of Bernardi et al. (2003a). In order to facilitate comparison,
we show rest-frame LFs, i.e., K-corrected to z = 0 (for the
MGS LFs we subtracted a factor 2.5 log10(1 + z0), where
z0 = 0.1, to approximately account for the fact that these
LFs where K-corrected to z = 0.1). The dotted vertical line
provides a reference for the completeness bright limit of the
SDSS LFs. By integrating the Blanton et al. (2003) LF, we
find that the total number of galaxies with 0Mi < −24 in
the SDSS Data Release 2 is no more than a few dozens.
A similar ad hoc bright limit is likely to be fainter for the
Bernardi et al. (2003a) LF, since an additional ETG selec-
tion is applied (note also that the ETG LF that we show is
based on an earlier version of the SDSS data set). Figure 6
shows that the z = 0.55 RS LF is significantly brighter than
the z = 0 LF, an effect that is due to evolution (∼ 0.7 mag).
It is interesting that the ETG SDSS LF and the combined
SDSS LFs differ considerably at the high-mass end, where
an agreement would be expected. This discrepancy should,
nevertheless, be interpreted with caution, in light of the sig-
nificant level of extrapolation of fits from lower luminosities
that these low-z LFs are subject to at these number densi-
ties.
As a result of the different magnitude/mass ranges cov-
ered by the SDSS and BOSS, the L-σ relation measured
from these two data sets at the high-mass end is also sig-
nificantly different. The L-σ relation measured from low-
z ETG samples approximates the canonical Faber-Jackson
form L ∝ σ4 at the high-mass end, since the measurement
is dominated by lower-mass ranges. In Figure 7 we show the
< log10 σ > - absolute magnitude relation from MD16B and
Bernardi et al. (2003b), in the rest-frame i band. Figure 7 is
intended to illustrate the effective magnitude ranges where
each measurement is valid (darker colours) and the ranges
where each measurement must be considered pure extrapo-
lation (lighter colours). Figure 7 also shows the approximate
range where the L-σ relation breaks, i.e., 0Mi ≃ −23.5. Im-
portantly, the extrapolation of a high-mass relation towards
low-mass ranges in BOSS has little effect on the high-mass
end6. On the other hand, the VDF is also sensitive to the
scatter measured for the L-σ relation. In this sense, although
the Sheth et al. (2003) results account for the dependence
of the scatter as a function of luminosity, our implicit L− σ
relation has, overall, a smaller scatter (of only 0.047 dex in
log10 σ) than what have been measured at low-z.
Finally, it is also noteworthy that the z = 0.55 and
z = 0 VDF disagreement at “lower” velocity dispersions
is of similar magnitude as the difference between the AC
z = 0.55 VDF and the raw z = 0.55 VDF (see black dashed
line in Figure 5). We cannot discard the possibility that
uncertainties in the determination of this correction in both
samples could be responsible for the differences found.
4.2.2 Previous indirect measurements at z ∼ 0.55
At z ∼ 0.55, direct spectroscopic measurements of the
VDF have not been reported prior to this work. We have
over-plotted in Figure 5 the indirectly-derived VDFs from
Bezanson et al. (2011), within the redshift range 0.3 < z <
0.6, and Chae (2010), at z = 0.55. The Bezanson et al.
(2011) VDF is a prediction based on photometric properties,
which were calibrated to low-redshift dynamical relations.
For the Chae (2010) inference, which is based on strong-
lensing statistics, we show the evolutionary model provided
by the authors for the modified-Schechter function, evalu-
ated at z = 0.55. The uncertainty associated to this infer-
ence, represented by a shaded region in Figure 5, is assumed
here to be of the same magnitude as the one quoted by Chae
6 For the sake of completeness, it is noteworthy that the high-
mass curvature of the L-σ relation was detected in the SDSS-I in
subsequent works (Desroches et al. 2007; Hyde & Bernardi 2009;
Bernardi et al. 2011), but a definite quantification of the high-
mass slope from the SDSS-I never emerged.
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SDSS MGS at z=0, Bell et al. (2003)
SDSS ETG at z=0, Bernardi et al. (2003b)
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SDSS MGS at z=0, Montero-Dorta and Prada (2009), estimate
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Figure 6. The LF for the RS at z = 0.55 is compared with several
low-z SDSS LF estimates, in the rest-frame i band. We include
the LF for the SDSS Main Galaxy Sample (MGS) Data Release 2
(DR2), the SDSS MGS DR6, the Early Data Release (EDR) and
the ETG sample. The vertical lines show, from left to right, the
BOSS 50% - completeness faint limit and the approximate SDSS
bright limit, respectively.
(2010) at z = 1 (68% confidence limit in Figure 3 from Chae
2010).
The Bezanson et al. (2011) VDF sits well within the
low-z scatter at log10 σ . 2.5, but predicts much larger num-
ber densities than the low-z VDF and our z = 0.55 results
at higher σ (note, however, that the highest-σ data point
is an upper limit). In Bezanson et al. (2012), an explana-
tion for this high-σ upturn is provided. By repeating the
measurement splitting galaxies into star-forming and quies-
cent, the authors show that the scatter between measured
and inferred velocity dispersion, when combined with the
steep high-σ end of the VDF, can produce the same ob-
served upturn that causes the aforementioned tension with
low-z results. This result suggests that the upturn found by
Bezanson et al. (2011) is caused by an observational effect
that, if understood, could be deconvolved from their mea-
surement.
The inferred VDF from Chae (2010) is consistent with
the low-z VDF at lower velocity dispersions, but suggests
the opposite type of evolution than the one reported by
Bezanson et al. (2011) at the high-σ end, where the Chae
(2010) VDF number densities are significantly smaller than
the low-z results (note that this VDF is only provided for
log10 . 2.53). The uncertainties quoted for these results
are large enough, however, that a no-evolution scenario for
high-σ galaxies cannot be completely discarded.
The main conclusion to be drawn from this compari-
son is that the huge scatter found between previous indirect
measurements/predictions and the large errors associated to
these analyses at z = 0.55 illustrates the significance of the
first direct spectroscopic measurement that we report in this
work.
In Table 2, we provide a comparison of best-fit modified-
BOSS RS at z = 0.55, MD16B
SDSS ETG at z = 0, Bernardi et al (2003b)
Figure 7. The < log10 σ > - absolute magnitude relation in the
rest-frame i band from MD16A at z = 0.55 and from Bernardi
et al. (2003b) at z = 0. The shaded regions represent the un-
certainty in the determination of the former. The vertical lines
show, from left to right: the characteristic absolute magnitude in
the ETG sample, the BOSS 50% - completeness faint limit (FL),
the approximate ETG-sample bright limit (BL) and the BOSS
FL.
Schechter parameters for the different measurements dis-
cussed in this Section, both at low and high redshift. The
large scatter in the best-fit parameters shown in Table 2
confirms the idea that the Schechter-like parameters are
highly covariant and nearly degenerate at the high-mass
end, so a comparison based of their values would be mis-
leading. Again, in the context of this work, we consider this
Schechter-like function a mathematical fitting function, not
a basis from which to infer physically meaningful parame-
ters.
4.3 The Sample PDF
The sample PDF, P
[RS]
CMASS , provides the probability den-
sity per unit stellar velocity dispersion σ of finding an RS
galaxy at a given redshift within the sample. P
[RS]
CMASS is
therefore uncorrected for incompleteness. This sample PDF
is of interest because it is directly relevant to statistical
studies of gravitational lensing within the BOSS sample
(Arneson et al. 2012). P
[RS]
CMASS can be obtained for a given
redshift by computing the following expression:
P
[RS]
CMASS(σ) =
∫
dLφ(L) p(σ|L)C(L)∫ ∫
dσdLφ(L) p(σ|L)C(L) (13)
which takes into account not only the LF, φ(L), but also the
completeness in the sample, C(L). C(L) is defined as the
fraction of galaxies with luminosity L in intrinsic space that
is expected to pass the CMASS selection criteria, taking into
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Source Redshift Φ∗(×10−3Mpc−3) σ∗ (km/s) α β
BOSS RS VDF, AC (this work) 0.55 6.97 ± 1.06 118.86 ± 12.40 6.75± 0.99 2.37± 0.14
BOSS RS VDF, Raw (this work) 0.55 5.48 ± 1.52 116.40 ± 15.12 5.03± 1.03 2.23± 0.17
Chae (2010) 0.55 3.16+1.84
−1.36 216.31
+14.38
−26.02 1.05
+0.32
−0.29 4.58
+1.39
−1.28
Choi et al. (2007) 0.1 2.74 161.2± 5 2.32± 0.1 2.67± 0.07
Chae (2010) 0.1 4.46 217.0 0.85 3.72
Mitchell et al. (2005), Intrinsic 0.1 1.4± 0.1 88.8± 17.7 6.5± 1.0 1.93± 0.22
Mitchell et al. (2005), Observed 0.1 1.4± 0.1 88.8± 17.7 6.5± 1.0 1.8± 0.22
Sheth et al. (2003), Intrinsic 0.1 2.2± 0.1 88.8± 17.7 6.5± 1.0 1.93± 0.22
Sheth et al. (2003), Observed 0.1 2.2± 0.1 88.8± 17.7 6.5± 1.0 1.8± 0.22
Table 2. Best-fit parameters of the modified Schechter function (Equation 11) for the high-mass VDF at z = 0.55 and for several
independent measurements of the low-redshift VDF. The Chae (2010) z = 0.55 VDF parameters have been obtained by evaluating
at the aforementioned redshift the parametric evolutionary model provided by the author. The best-fit modified-Schechter functions
provide a good description of the VDF, but slightly underestimate it in the very-high-σ range. Also, it is important to bear in mind that
Schechter-like parameters are not adequate to quantify the evolution of the high-mass end of the VDF. The best-fit Schechter function
provided in this work for the BOSS VDF must be considered purely a mathematical description, not a basis from which to infer physically
meaningful parameters.
account the photometric uncertainties present in the sample.
C(L) is provided in MD06A7.
In Figure 8, we show the sample PDF at redshifts z =
0.55, 0.60 and 0.65, obtained from both the raw and the
aperture-corrected L-σ relation in each case. Figure 8 shows
that there is a higher probability of finding high-σ galaxies
at higher redshifts in the sample. The sample PDF, although
not required to be Gaussian, is extremely well characterized
by a Gaussian function in log10 σ of the form:
P
[RS]
CMASS(log10 σ) =
1√
2pisPDF
exp
[−(log10 σ − µPDF )2
2s2PDF
]
(14)
Best-fit parameters for both the aperture-corrected and
the raw sample PDF at redshifts z = 0.55, 0.60 and 0.65
are listed in Table 3. The vertical line in Figure 8 indicates
the approximate 50%-σ-completeness threshold in the sam-
ple, σ50. Note that the sample PDF is normalized over all
sigma, but care should be exercised when interpreting the
predictions of the sample PDF at low values of sigma, due
to incompleteness in the sample.
Although this sample PDF calculation “backs out” the
effects of completeness, it still incorporates the statistical
separation of RS galaxies from BC galaxies to give the sam-
ple PDF of the former. A computation of the combined
sample PDF for RS and BC galaxies together could be
made entirely in velocity-dispersion space, in the manner
of Shu et al. (2012), without making use of the photometric
selection function information from MD16A.
7 Note that the CMASS sample is selected in colour-magnitude
space, so the photometric selection function had to be converted
into the one-dimensional completeness function C(L), for a given
redshift.
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Figure 8. Aperture-corrected (AC) and raw sample PDF for
the high-mass RS at z = 0.55, 0.60 and 0.65. Dashed lines show
best-fit Gaussian functions (see text). The vertical line shows the
approximate 50%-σ-completeness threshold in the sample, σ50.
Type µPDF σPDF
z = 0.55, AC 2.420 0.0497
z = 0.55, Raw 2.412 0.0520
z = 0.60, AC 2.434 0.0494
z = 0.60, Raw 2.428 0.0514
z = 0.65, AC 2.449 0.0494
z = 0.65, Raw 2.445 0.0507
Table 3. Best-fit parameters of the Gaussian model in log10 σ for
both the aperture-corrected (AC) and the raw sample PDF in 3
different redshifts (see text).
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5 DISCUSSION & CONCLUSIONS
We provide the first direct spectroscopic measurement of
the high-mass end of the VDF at redshift z ∼ 0.55 for the
RS galaxy population using a spectroscopic sample of ∼
600, 000 massive galaxies taken from the SDSS-III BOSS
CMASS sample. The z ∼ 0.55 VDF is well described by a
modified - Schechter function with best-fit parameters Φ∗ =
(6.97± 1.06) × 10−3Mpc−3, σ∗ = 118.86± 12.40 km/s, α =
6.75 ± 0.99 and β = 2.37 ± 0.14 (this must be considered
purely a fitting function, not a basis from which to infer
physically meaningful parameters). No significant evolution
is found within the CMASS restricted redshift range 0.525 <
z < 0.65.
Prior to this work, the VDF at higher redshift had
only been indirectly inferred from strong-lensing statistics
(Chae 2010) or predicted using low-z calibrated photomet-
ric information (see Bezanson et al. 2011), both methods
being subject to major uncertainties. Chae (2010) used a
very small sample of 30 lensing galaxies to infer constrains
on the 0.3 < z < 1 ETG VDF. The photometric pre-
dictions (calibrated using low-z dynamical relations) from
Bezanson et al. (2011) are affected by incompleteness in the
samples, uncertainties in galaxy-size measurements and the
validity of the assumption that the relation between the in-
ferred and measured σ does not evolve. These independent
indirect measurements are in significant disagreement with
each other at the high-mass end, which emphasizes the rel-
evance of our direct spectroscopic measurement. They also
appear to be in tension with with our direct measurement.
For Bezanson et al. (2011), this tension would be alleviated
if the scatter between measured and inferred velocity disper-
sions could be deconvolved from their measurement, reduc-
ing the upturn observed towards higher σ (Bezanson et al.
2012). The inference from Chae (2010) implies very low num-
ber densities at log10 σ ∼ 2.5, but the large uncertainties
quoted by the authors leave some room for agreement.
We have compared our z = 0.55 RS VDF with several
direct spectroscopic measurements of the z = 0.1 ETG VDF.
Despite the scatter found among these previously reported
low-z results, the following trend is detected: the z = 0.55
RS VDF is consistent with the z = 0.1 ETG VDF at the
very high-σ end (log10 σ & 2.47) but, at lower velocity dis-
persions, the number density of RS galaxies at z = 0.55 is
higher than the number density of ETG galaxies at z = 0.1.
The interpretation of this result as a real evolutionary trend
is, however, still subject to differences in the way the RS and
the ETG galaxy population are identified/selected. If we as-
sume that both selection schemes are able to identify the
same galaxy population at different redshifts, the differences
reported could be due to the fact that the low-z results at
the high-mass end are based on an intermediate-mass sam-
ple (the SDSS-I). In particular, the L − σ relation that we
measure in MD2016B for the z = 0.55 RS population at the
high-mass end, which enters through p(σ|L), is significantly
steeper and presents a smaller scatter than the one mea-
sured from these SDSS-I samples (see Bernardi et al. 2003b;
Desroches et al. 2007).
It is worth noting that, at face value, the evolution in
the VDF implied by our z = 0.55 RS - z = 0.1 ETG com-
parison appears in tension with what was predicted/inferred
by Bezanson et al. (2011) and Chae (2010) for a similar red-
shift range. Bezanson et al. (2011) suggest that the VDF at
0.3 < z < 0.6 is consistent with the low-z VDF (this is
only true towards the high-σ end according to our measure-
ment). Chae (2010) concludes that the VDF evolves from
z = 1 to z = 0 in a way that the number density of higher-σ
galaxies is progressively lower (while the number density of
intermediate-σ galaxies remains fairly constant). Note that
we detect the opposite trend within our limited CMASS
redshift range 0.52 < z < 0.65; this trend is, however, not
significant given the uncertainties in our analysis.
On the z = 0.55 VDF side, we have shown that there is
still some room for improvement, if the uncertainties com-
ing mostly from the L-σ relation and the aperture correc-
tion can be further reduced. This can be achieved in the
future by incorporating into the analysis data sets obtained
using unbiased selection schemes or by complementing our
results with follow-up higher-S/N spectroscopy of the very-
high-mass end of the z = 0.55 galaxy population. In or-
der to place tighter constraints on the evolution of the
VDF, we plan to extend our analysis to z = 0 within a
consistent forward-modeling framework to identify the in-
trinsic RS population and compute the VDF from BOSS
to the SDSS-I. This framework can also be extended to
higher redshift using upcoming cosmological surveys, such
as the Extended Baryon Oscillation Spectroscopic Survey
(eBOSS, Dawson et al. 2016). Although the general view
is that the massive RS population evolves in a way that
approximates that of a passively evolving galaxy popula-
tion at z . 1 (see, e.g., Cool et al. 2008; Tojeiro et al.
2012; Maraston et al. 2013; Montero-Dorta et al. 2016a,b),
a detailed characterization has not emerged, and discrep-
ancies with the passive-evolution scenario have been re-
ported (see, e.g., Bernardi et al. 2016). The importance
of a VDF-based constraint resides in the fact that is in-
dependent of SPS models. In addition, the VDF is re-
lated to the total mass of galaxies, which provides a dif-
ferent angle to the study of massive galaxy evolution, to
be combined with the evolution of the red SMF (see, e.g.,
Pozzetti et al. 2010; Moustakas et al. 2013; Bernardi et al.
2016) and the red/RS LF (see, e.g., Wake et al. 2006;
Cool et al. 2008; Loveday et al. 2012; Montero-Dorta et al.
2016a; Bernardi et al. 2016).
The availability of the VDF for the BOSS sample has
potential applications to the determination of the halo–
galaxy connection through the methods of HAM and HOD
analysis applied in terms of velocities rather than the masses
of halos and galaxies. As mentioned above, on the galaxy
side of the connection, the VDF eliminates the systematic
uncertainties associated with stellar-mass determination. On
the halo side, peak circular velocity is a more clearly defined
quantity than halo mass (see, e.g., Navarro et al. 1997).
Finally, we have emphasized the importance of our mea-
surement as a key ingredient for statistical computations
of the incidence of strong gravitational lensing within the
BOSS survey. Strong gravitational lenses in BOSS have
been identified spectroscopically in the context of the BOSS
c© 0000 RAS, MNRAS 000, 000–000
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Emission-Line Lens Survey (BELLS, see Brownstein et al.
2012 and Shu et al. 2016).
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